Free-electron laser (FEL) amplifiers have demonstrated high efficiency and high output power for microwave wavelengths. However, using present technology, microwave FEL amplifiers are not phase stable enough to be suitable for driving linear accelerators, where several such amplifiers need to be phase locked. The growing wave's phase sensitivity to the beam voltage in the small-signal regime is responsible for the largest contribution to this phase instability. We discuss a scheme that reduces the phase sensitivity to the beam voltage by operating off synchronism and matching the phase variation resulting from the desynchronism to the phase variation from the reduced plasma wavenumber as the beam voltage changes.
I. INTRODUCTION
Free-electron lasers (FELs) have demonstrated both high beam-to-rf power extraction efficiencies (-30%) [ 11 and high output power (on the order of gigawatts) [2] , and have been considered as candidates to drive high-frequency advanced accelerators like those proposed for linear colliders [3] . However poor phase stability has been predicted and measured for FELs [4, 5] . Typical accelerator applications require rf phase stability on the order of 5 O of phase, and advanced accelerator applications such as bunch compression [6] and short-wavelength FELs require stability to l o or less [7] . Phase noise in microwave FELs arises from fluctuations in tube voltage, current, confining magnetic field strength, and other tube parameters. Typically, the largest effect is from voltage fluctuations. Electron beams for practical FELs used as rf sources will have diode voltages of 1/2 to 1 MV with voltage stabilities on the order of 1/4%. Measured and simulated FEL phase stability to date has been on the order of a 20° to 40° shift per percent voltage fluctuation [5, 8, 9] . This level of phase stability does not satisfy advanced accelerator requirements.
In a klystron, the phase of a cavity is completely determined by the absolute phase of the harmonic current at that location. If the beam energy is shifted slightly by 6y, we can expect that the output phase will shift by
where L is the total device length and the electron propagation number is p, = w I pc , and where w is the frequency of operation and p is the beam axial velocity normalized to the speed of light.
For a 500 keV beam in a half-meter-long 1 1. shift. Note that if the product wL is kept constant, tubes at other frequencies will have the same phase shift for the same voltage shift. However, since the space-charge bunching length is independent of operating frequency, the product wL will in general increase as the frequency is increased and we can expect that a 20 GHz tube will have phase variations on the order of 5 O , and higher frequency tubes will have even larger phase variations. Lower frequency klystrons typically have phase stability better than lo [7] .
The phase shift in an FEL due to the transit time effect is the same as for a klystron. However, the effect of the spacecharge wave and the transit time of the electron beam are not separable in a FEL as they are in a klystron. This will in&oduce new physical effects, one of which is the possibility of using fluctuations in the space-charge wave to counter fluctuations in the beam's transit time through the device.
In this paper we will explicitly demonstrate that the phase dependency on the space-charge wave can effectively cancel the phase dependency on the beam's transit time factor for the FEL interaction. We will do this by analyzing the dispersion relation for an axial FEL, which is used instead of the conventional transverse FEL for simplicity. We will also present numerical solutions of the dispersion relation exhibiting the phase-stable condition.
DISPERSION RELATION FOR AN AXIAL FEL
Recently, an axial FEL interaction was proposed for the generation of gigawatt microwave radiation [ 101. In this device, an annular electron beam interacts with the axial electric field of a TMom mode in a circular waveguide. The radius of this waveguide is periodically rippled which causes the mode to radially expand and contract. The ripple amplitude is only a few percent of the average radius, and the mode is able to adiabatically conform to the gradual change in the waveguide radius. The axial FEL interaction for a synchronous particle is shown in Figure 1 . The annulus is located at a radius corresponding to a zero of the axial electric field of that mode in a waveguide with a radius equaling the mean radius of the rippled waveguide. When an electron is at the axial position of the smallest waveguide radius the axial electric field at the location of the electron opposes the electron's motion. As the electron travels to the region of larger radius the rf slips by the electron. When the electron is at the location of the maximum waveguide radius one half of a rf wavelength has slipped by, resulting in a sign change in the mode's fields. Additionally, the electron is experiencing the electric field at a radius larger than the axial field zero instead of a radius smaller. This switch from one side of the null of the axial electric field to the other provides another sign change in the axial field at the location of the electron, and the electric field is again opposing the electron's motion. This interaction is equivalent to the interaction of a transverse-coupling FEL except the rf field is wiggled instead of the electrons to provide synchronism. where the cold rf mode propagation constant is 
III. NUMERICAL SOLUTIONS OF THE DISPERSION RELATION SHOWING PHASE STABILITY (2)
where k, is the wiggler wavenumber, given by 2 n divided by the wiggler period. Eq. (1) now becomes
Now 6 and thus the output phase can be make stable if
We can numerically find the growing root of Ithe dispersion relation, Eq. (1). In this section we will do this for a variety of beam energies, demonstrating the phase-stable conditions found in the last section over a broad operating range.
A. High energy, low gain
For the case of high energy and low gain, the solution specified in Eq. 
